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The Majorana representation (MR), in which a pure state of a spin-$\documentclass[12pt]{minimal}
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                \begin{document}$$j$$\end{document}$ system^[@CR1],[@CR2]^ can be precisely described as the trajectory of $\documentclass[12pt]{minimal}
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                \begin{document}$$2j$$\end{document}$ stars on a unit sphere, was proposed by Majorana in 1932^[@CR3]^. Over the past decades, the MR has been proved to be a valuable method for many applications in quantum entanglement^[@CR4]--[@CR10]^, Bose-Einstein condensates^[@CR12]--[@CR16],[@CR25]^, and geometric phase^[@CR10],[@CR17]--[@CR20]^. In refs ^[@CR10],[@CR20]^, the Berry phase was studied by the stars and their loops on the Bloch sphere. With the solid angles of the Majorana star loops, an intuitive relation between the Berry phase and Majorana stars' trajectories on the Bloch sphere was given and it was shown that the Berry phase is determined by both the solid angles subtended by every Majorana star's evolution path and the correlations between the stars^[@CR20]^. Quantum entanglement were investigated by distributions and motions of these stars on the Bloch sphere^[@CR20]^. It is found that the distances between stars are also found to be a tool for measuring and classifying the multiparticle entanglement of a symmetric multiqubit pure state.

The MR was also used to study a multi-band topological systems^[@CR21]^. They find a geometric interpretation of the topological phases of inversion-symmetric polymerized models by mapping the Bloch states of the topological system to majorana stars. It is interesting to find that the stars displays different topological structures for topologically different phases and the topological structure is closely related to the parity of the system. In addition, it was found that the MR provides a very interesting and intuitive way to understand the nonlinear Laudau-Zener tunneling^[@CR22]^ and the breakdown of adiabaticity is related to some stars never reaching the South pole of the Bloch sphere.

As an efficient tool to study spin system^[@CR23]--[@CR25]^, the MR has certain limitations. It can only be used to study a pure spin-$\documentclass[12pt]{minimal}
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                \begin{document}$$j$$\end{document}$ state in finite dimensional Hilbert space. To solve these problems, a lot of researches^[@CR26]--[@CR30]^ concentrate on extending the previous representation. In paper^[@CR30]^, for instance, Giraud *et al*. extended the MR from pure spin states to arbitrary mixed states. Based on Weinberg's covariant matrices^[@CR31]^, they proposed a tensorial representation of the mixed states and expressed any a spin-$\documentclass[12pt]{minimal}
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                \begin{document}$$j$$\end{document}$ density matrix as a linear combination of matrices with convenient properties.

On the other hand, based on the coherent-state approach, the MR was extended from the finite dimensional to infinite dimensional cases^[@CR32]^. By choosing the coherent states as reference states, the corresponding star equations for locating stars were given for both bosonic and SU(1,1) systems. All the stars for coherent states coincide on one point on the Bloch sphere^[@CR32]^. Thus, using this coherent-state approach, we can study star representations of many quantum states including both finite and infinite-dimensional systems.

In general, it is hard to give the positions of Majorana stars analytically, and we always locate them numerically. The curve equations for these stars are even harder to be given. Fortunately, we find an exact curve equation for Majorana stars for a superpositon of two bosonic coherent states (STCS) with an arbitrary relative phase. For the superpositions of SU(1,1) coherent states, we find the same curve equation.

In this paper, we give the star equation for the STCS of the bosonic system and deduce the corresponding curve equation for stars on the Bloch sphere, and then explore the curve properties on the Block sphere by the theoretic analysis. Moreover, we discuss the curve properties on the Block sphere with the numerical calculation. Finally, we give our conclusions and some further discussions.

Results {#Sec2}
=======

Star equation for the STCS and its solution {#Sec3}
-------------------------------------------

To find exact curve equation for Majorana stars, we consider the following state, i.e., the STCS,$$\documentclass[12pt]{minimal}
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                \begin{document}$${\vartheta }_{1}$$\end{document}$ is the phase difference between two coherent states $\documentclass[12pt]{minimal}
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                \begin{document}$$|\beta \rangle $$\end{document}$, and the coherent state is given by$$\documentclass[12pt]{minimal}
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                \begin{document}$$|k\rangle $$\end{document}$ is Fock state. The star equation for the STCS is$$\documentclass[12pt]{minimal}
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                \begin{document}$$z$$\end{document}$ is the root of this star equation. There are $\documentclass[12pt]{minimal}
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                \begin{document}$${z}_{n},n=0\,,\,\mathrm{1,}\,2\cdots \cdots N-1$$\end{document}$ mapping to the stars on the Block sphere. The equations for the coordinates of the stars can be given as$$\documentclass[12pt]{minimal}
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                \begin{document}$${\gamma }_{n}=\frac{{\vartheta }_{1}+\mathrm{(1}+2n)\pi }{N}\mathrm{.}$$\end{document}$$These are the coordinates for all stars on the Block sphere, the detailed calculation can be found in Methods.

On the coordinates for the stars, we now give the further discussions. Firstly, we consider a simple case of $\documentclass[12pt]{minimal}
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From above two equations, we know that $\documentclass[12pt]{minimal}
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Exact curve equation for stars {#Sec4}
------------------------------

Above we have discussed the case of $\documentclass[12pt]{minimal}
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These two equations indicate that there is always exist a certain value for $\documentclass[12pt]{minimal}
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To further obtain the exact curve equation, we set $\documentclass[12pt]{minimal}
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Because Eqs ([15](#Equ15){ref-type=""}) and ([16](#Equ16){ref-type=""}) are the functions on $\documentclass[12pt]{minimal}
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Equation ([18](#Equ18){ref-type=""}) is the exact equation of the curve. It is only dependent on the polar and azimuth angles and from this equation, all the stars can be determined on the Bloch sphere.

The above we have given the curve equation for $\documentclass[12pt]{minimal}
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Numerical results of the curve equation {#Sec5}
---------------------------------------
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In this section, we've discussed the impacts on the curve from parameters $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha $$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\beta $$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\theta }_{\alpha }$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\theta }_{\beta }$$\end{document}$ with the aid of numerical calculation. And the numerical result is exactly consistent with theoretical result.

Methods {#Sec6}
=======
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Appendix: The curve equation for the STCS of SU(1,1) system {#Sec8}
===========================================================
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By similar calculations, we derive the solution of Eq. ([40](#Equ41){ref-type=""}) as follow$$\documentclass[12pt]{minimal}
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These are the coordinates for all stars on the Block sphere. Next, in the same way, we derive the curve equation in $\documentclass[12pt]{minimal}
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This is the curve equation for the STCS of SU(1,1) system. Comparing these two equations with the Eqs ([22](#Equ22){ref-type=""}) and ([24](#Equ24){ref-type=""}) for the STCS of bosonic system, we find that they have the same equation form.
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